Diffusion on a low-dimensional free-energy surface is a remarkably successful model for the folding dynamics of small single-domain proteins. Complicating the interpretation of both simulations and experiments is the expectation that the effective diffusion coefficient D will in general depend on the position along the folding coordinate, and this dependence may vary for different coordinates. Here we explore the position dependence of D, its connection to protein internal friction, and the consequences for the interpretation of single-molecule experiments. We find a large decrease in D from unfolded to folded, for reaction coordinates that directly measure fluctuations in Cartesian configuration space, including those probed in single-molecule experiments. In contrast, D is almost independent of Q, the fraction of native amino acid contacts: Near the folded state, small fluctuations in position cause large fluctuations in Q, and vice versa for the unfolded state. In general, position-dependent free energies and diffusion coefficients for any two good reaction coordinates that separate reactant, product, and transition states, are related by a simple transformation, as we demonstrate. With this transformation, we obtain reaction coordinates with position-invariant D. The corresponding free-energy surfaces allow us to justify the assumptions used in estimating the speed limit for protein folding from experimental measurements of the reconfiguration time in the unfolded state, and also reveal intermediates hidden in the original free-energy projection. Lastly, we comment on the design of future single-molecule experiments that probe the position dependence of D directly.
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coordinate transformation | internal friction | kinetic prefactor | projected dynamics | reaction coordinate O ne of the remarkable consequences of the energy landscape theory of protein folding is that folding can be effectively modeled as diffusion along a one-dimensional reaction coordinate (1) (2) (3) (4) (5) . In such a diffusion model, the rate of folding is determined by the height of the free-energy barrier and a kinetic prefactor that depends on the diffusion coefficient along the reaction coordinate. For proteins with high free-energy barriers separating the folded and unfolded states, only the diffusion coefficient at the barrier top contributes to the rate. For ultrafast folding proteins, where the barrier heights can be quite small or vanish completely, the diffusion coefficient along the entire reaction coordinate contributes to the rate (6) (7) (8) (9) (10) (11) . The prefactor therefore also approximates the "speed limit" for protein folding, analogous to the diffusion-limited rate for bimolecular reactions (7, 8, 12, 13) . A number of groups have investigated the prefactor experimentally by varying solvent viscosity (14) (15) (16) (17) (18) . However, viscogens tend to affect the rate not only by increasing the solvent friction, but also by changing the free-energy barrier height and curvature, requiring measurements at viscogen concentrations that alter neither the stability nor the viscosity-corrected activation energy (11, 19) .
A more direct method of obtaining diffusion coefficients for folding is to probe the dynamics of polypeptides or unfolded proteins, for example by using ultrafast spectroscopy to measure rates of contact formation between specific residues (12, (20) (21) (22) (23) (24) (25) (26) , or FRETcross-correlation functions to probe the reconfiguration time in the unfolded state (27, 28) . Determination of the diffusion coefficient in this class of experiments requires that the end-toend distance distribution be known. Moreover, to be relevant to folding, it must be assumed that the diffusion coefficient in the denatured well and at the barrier top are the same (29) . Interestingly, some of these studies (24, 27, 28) have shown that dilution of denaturant results in a slowing of diffusion, presumably as a result of increased internal friction.
Even if a projection of the true high-dimensional dynamics of folding onto a single coordinate is successful in the sense that the projected dynamics is diffusive without memory effects, the projection will in general lead to a dependence of the diffusion coefficient on position along that coordinate (1). In particular, any continuous one-to-one transformation that locally stretches or compresses the reaction coordinate results in an equally good coordinate, but with a different local diffusion coefficient and freeenergy surface. This position dependence of diffusion coefficients is not just a theoretical curiosity: The interpretation of experiments is often based on a position-invariant diffusion coefficient. Although the position dependence was neglected for simplicity in early calculations of the one-dimensional diffusion coefficient from simulation (3), position-dependent diffusion coefficients have been estimated from simulation for model systems (30, 31) and more recently for folding (10, (32) (33) (34) . One of the difficulties in such calculations is the separation of the effects arising from the local diffusion and from curvature in the free-energy surface (31, 33) . For diffusive dynamics initiated at position Q i on the reaction coordinate Q, the diffusion coefficient DðQ i Þ is related to the variance σ 2 ðΔtÞ of Q after a short time Δt through σ 2 ðΔtÞ ≈ 2DðQ i ÞΔt. However, this approximation is only valid at short times Δt because it ignores the effects of curvature in the free-energy surface, a difficulty that becomes particularly pronounced if the dynamics becomes diffusive only at long times Δt (32) .
The position dependence of D reported in different simulation studies has been quite varied, with some finding a maximum in the diffusion coefficient at intermediate values of the reaction coordinate near the barrier top (32) (33) (34) , and others finding a monotonic decrease towards the folded state (10) . The origin of the differences is not immediately clear, and one should probably not expect any general trend in the position dependence of the diffusion coefficient. Whereas the global dynamics of the chain in Cartesian space is expected to slow down for increasingly compact states, one often has little intuition for projections of the high-dimensional protein configuration space onto reaction coordinates that are nonlinear functions of the atomic positions.
Here, we use coarse-grained molecular simulations of a pair of experimentally well-characterized two-state proteins, prb 7−53 (35) and protein G (36) , to investigate the position dependence of the diffusion coefficient along different reaction coordinates. We find that diffusion coefficients for coordinates that directly probe fluctuations in Cartesian space, such as pair distances, are markedly position dependent. In contrast, we find that a projection of the dynamics onto the commonly used folding coordinate Q results in only a small position dependence in DðQÞ. This lack of position dependence can be explained by the compression of large fluctuations in Euclidian distance in the unfolded state into small fluctuations in Q. Moreover, we show that if the dynamics is well-described by alternative one-dimensional reaction coordinates, the respective position-dependent diffusion coefficients and free energies can be mapped onto each other by a simple transformation. We use this same transformation to construct a coordinate s along which the diffusion coefficient DðsÞ is position invariant. We find that the resulting free-energy surface FðsÞ justifies the assumptions used to calculate the prefactor for protein folding rates from the reconfiguration time in the unfolded state measured in single-molecule experiments. Intriguingly, we find that FðsÞ also reveals intermediates in the local free-energy profile that are hidden in the projection onto Q. We dissect the contributions to the "internal friction" for our model and find that the largest contribution from internal friction to DðQÞ near the barrier comes from the formation and breaking of amino acid contacts, rather than the crossing of torsional barriers. Nonnative interactions reduce the diffusion coefficient near the barrier. This effect compensates the reduction in barrier height due to these interactions, such that the folding rate is almost unchanged from that of the Gō model.
Results
Dependence of D on Q. If the projection of the dynamics onto a one-dimensional reaction coordinate can be described as diffusive, the effective diffusion coefficient for motion along that coordinate will in general be position dependent. As a reaction coordinate for folding, we initially consider the fraction of native contacts, Q (37), which has a low value when the protein is unfolded and a high value (near unity) for the fully folded state. Q has been shown to be a good reaction coordinate for folding in several cases (32, 38, 39) . We describe the projected dynamics on a one-dimensional reaction coordinate (here, Q) as diffusive, using the Smoluchowski equation, with free-energy surface FðQÞ and position-dependent diffusion coefficient DðQÞ, ∂ t pðQ; tÞ ¼ ∂ Q fDðQÞ expð−βFðQÞÞ∂ Q ½expðβFðQÞÞpðQ; tÞg where pðQ; tÞ is the time-dependent probability density along Q.
Fig . 1A and B show typical two-state folding trajectories QðtÞ for the two proteins we have studied, the three-helix bundle, prb 7−53 (35) (hereafter referred to as prb) and protein G (36) . These proteins were chosen to be representative of two different structural classes of single-domain proteins (α and α∕β; the structures are shown at the top of Fig. 1 ). We have used a standard type of "Gō-like" polymer model to study the folding dynamics (40) . As expected from the Q trajectories, the free-energy surface FðQÞ ( Fig. 1C and D) has two minima, located at low and high Q (corresponding respectively to the unfolded and folded protein), separated by a single free-energy barrier.
Q turns out to be a good reaction coordinate for the folding of both proteins. To assess the ability of Q to capture the ensemble of folding transition states, we use a Bayesian criterion (41) and calculate the probability pðTPjQÞ of being on a transition path, given a particular value of Q (38). pðTPjQÞ reaches approximately 0.4 and approximately 0.45 for prb and protein G, respectively, close to the theoretical maximum of 0.5 for diffusive dynamics, indicating that the value of Q is predictive of transition states (38, 41) .
The position-dependent diffusion coefficients DðQÞ are shown in Fig. 1E and F. A number of features are worth noting. First, DðQÞ varies by only a factor 2-3 over the range of the coordinate, counter to our expectation of a strong slowdown with increasing nativeness (10). This effect is small, given that the folding rates depend only linearly on the diffusion coefficient, but exponentially on the barrier height. Second, although DðQÞ is slightly lower for the folded protein than the unfolded one, in agreement with our expectations, the diffusion coefficient also has a maximum near the barrier.
Alternative Reaction Coordinates. Experimental measurements of diffusion coefficients for folding usually probe a coordinate in Cartesian space, such as the distance between a pair of residues (e.g., in a FRETexperiment). Using such a coordinate, Nettels et al. (27) recently found a fivefold change in diffusion coefficient for unfolded proteins on diluting denaturant from 8 M to 1 M GdmCl and Möglich et al. (24) obtained a fourfold change in diffusion coefficient between 8 M and 0 M GdmCl for ðGly-SerÞ 16 . We find a similarly large decrease (>10-fold) in diffusion coefficient going from unfolded to folded, if only pair distances are considered (Fig. S1 ). In fact, this result explains why diffusion coefficients obtained from kinetic models of protein unfolding in pulling experiments (42) , which are more sensitive to the native and transition state regions of the free-energy surface, are much lower than those inferred from measurements on unfolded proteins (12, (20) (21) (22) (23) (24) (25) (26) (27) .
However, any single pair distance is extremely unlikely to be a good folding coordinate. In particular, it would be difficult to even resolve the unfolded and folded states using the instantaneous value of such a coordinate (43, 44) . Even though for any coordinate r the decay of the correlation function hrðtÞrð0Þi at long times t reflects the slowest relaxing modes, for poor coordinates the amplitude of the slow decay will be small. To avoid these difficulties with single pair distances, we use d RMS (45) as an alternative coordinate, defined here as the rms difference of distances r ij between the N native residue pairs ði; jÞ and the reference distances in the native structure r 0
. This coordinate better preserves the magnitude of fluctuations in Cartesian space and is approximately related to the radius of gyration R g (far from the native structure d RMS ≈ 2R g ). However, unlike R g , it is also a reasonably good reaction coordinate near the native state (particularly for protein G), in that it can identify transition states, as illustrated by the distribution of pðTPjd RMS Þ (Fig. 2, insets) (41) . We note, however, that the maximum of pðTPjd RMS Þ is at d RMS ≈ 3 Å, whereas the free-energy barrier is at approximately 5 Å. This shift in the transition state relative to the barrier is a consequence of the strong position dependence of the diffusion coefficient Dðd RMS Þ in the barrier region (Fig. 2C) (10) .
The potential of mean force on d RMS looks quite different from the familiar two-state free-energy surfaces on Q, with a narrow folded minimum and broad unfolded one. This structure reflects the larger fluctuations in the unfolded state when measured in Cartesian space. The trend in the position-dependent diffusion coefficient is also more in line with expectations from experiment (27) and intuition. There is a monotonic decrease in the diffusion coefficient Dðd RMS Þ toward the folded state and a variation of around two orders of magnitude, in contrast to the nearly constant DðQÞ.
The apparent differences in position dependence between Q and d RMS can be understood from the relationship between the two coordinates. In Fig. 3, d RMS is plotted against Q for each protein. The unfolded state spans a wide range of d RMS , yet this is compressed into only small fluctuations in Q, whereas for the folded state the reverse is true. For the unfolded protein, large changes in conformation can occur with a change of only a few contacts, but even a small conformational change near the folded state will cause a large shift in Q.
As a second alternative coordinate, we consider the number of native torsion angles,
2 Þ, where the sum runs over the N ϕ torsion angles ϕ i with native values ϕ 0 i and σ ¼ 60°. This coordinate resembles the coordinate used in Isinglike folding models, namely the number of "correct" or ordered residues (46) (47) (48) (49) . Using the Bayesian criterion pðTPjnÞ, n is found to be a good reaction coordinate for protein G and a reasonable one for prb (Fig. 4, insets) . Like Q, n compresses the fluctuations in the unfolded state because single torsional transitions will generally be associated with larger Cartesian displacements for the unfolded protein. But in contrast to Q, n also compresses the transition region ( Fig. 3C and D) . As a consequence, the diffusion coefficient DðnÞ at the barrier is substantially lower than in the unfolded minimum.
General Relation Between Diffusion on Different Coordinates. The results of the previous section suggest that the appearance of the diffusion coefficient along different coordinates is altered simply by "stretching" or "shrinking" one coordinate relative to another (see Fig. 3 ), and that there is nothing special about the trend in position-dependent free energies and diffusion coefficients observed along a particular coordinate. In fact, given two coordinates on which the projected dynamics is well-described as one-dimensional diffusion, it should be possible to define a monotonic map from one coordinate to the other. For two coordinates r and s ¼ sðrÞ (for which the inverse r ¼ rðsÞ exists), the position-dependent free energies FðsÞ and diffusion coefficients DðsÞ for s can be obtained from those for r via the transformations βFðsÞ ¼ βFðrÞ þ ln jds∕drj and DðsÞ ¼ DðrÞðds∕drÞ 2 , respectively, with jds∕drj the Jacobian of the variable change. We note that the map sðrÞ ¼ ∫ r ½D 0 ∕DðrÞ 1∕2 dr, used by Rhee and Pande (50) , results in a constant diffusion coefficient DðsÞ ¼ D 0 ; an alternative approach that results in position-invariant D has been described by Krivov and Karplus (51) . Note that the accuracy of the transformation to s ¼ sðrÞ depends on the dynamics being well-described as one-dimensional diffusion along both coordinates. We have used these transformations to map the free energies FðQÞ and diffusion coefficients DðQÞ from Q onto the other two coordinates. Smooth, monotonic transformations d RMS ðQÞ and nðQÞ were defined by fits to the data in Fig. 3 . The functional forms used were a quartic polynomial for nðQÞ, and for d RMS ðQÞ, a continuous spline consisting of a power law fit at high Q and a straight line at low Q. The resulting free energies and diffusion coefficients, shown by broken red lines in Figs. 2 and 4 for Dðd RMS Þ and DðnÞ, respectively, are remarkably close to the direct estimates, given that the individual coordinates are imperfect.
Origin of the Position Dependence of DðQÞ. The main contribution to the diffusion coefficient is the crossing of local barriers on the energy landscape (32) . We have analyzed more closely the barriers traversed at each position on the energy landscape for the three-helix bundle prb by initiating short trajectories from structures at Q ¼ 0.4; 0.9; and 0.7 corresponding to the unfolded, folded, and transition states respectively. Barrier crossing is probed by "quenching" each step of the trajectory by extensive local minimization, after which traversals of microscopic barriers on the energy landscape are identified with a nonzero rms deviation between adjacent frames in the trajectory (Fig. S2) (52) . The changes associated with each transition can be clearly identified by calculating the number of native contacts and native dihedrals for the quenched trajectories. While in the unfolded state, there is frequent barrier crossing and most transitions are only associated with the formation/breaking of single contacts, or no contacts (average change of 0.69 contacts per transition). In the folded state and transition state, barrier crossings generally cause multiple contacts to be formed or broken, with an average change in total contacts of 3.27 and 2.19 per transition, respectively (Fig. S2) . Thus the slowdown in the rate of local barrier crossings as the protein becomes more compact and native-like is compensated by an increase in the number of contacts formed or lost in each event. The imperfect cancellation of these effects gives rise to the peak in DðQÞ near the barrier.
Nonnative Contacts, Roughness, and Internal Friction. Nonnative attractions are expected to affect the roughness of the energy landscape (53) (54) (55) (56) . To explore the effects of nonnative attractive interactions on the folding dynamics, we add recently published amino acid pair potentials developed for proteinprotein interactions (57) on top of the original Gō-like model for native interactions (see SI Text). These non-Gō interactions slightly stabilize the folded structures of both proteins (Fig. 1) . Whereas this stabilization seems counterintuitive (non-Gō contacts might be expected to favor the unfolded state), it can be explained by a combination of the gains from the relatively longranged non-Gō potential and a partial elimination of slightly destabilizing nonnative interactions in the original Gō model (see Fig. S3 and SI Text).
Nonnative interactions affect the diffusion coefficient predominantly in the barrier region where DðQÞ is reduced (Fig. 1) ; they have less effect beyond the barrier near the folded state, where most residues are already native-like and it would be harder to form nonnative interactions. This slowdown of the dynamics along Q on the barrier top may arise from the increased "frustration" involved in the correct selection of native contacts. However, the folding rate is affected by both DðQÞ and the barrier height. For both proteins, we find that nonnative attractions lower the barrier height, in agreement with expectations from theory (58) and previous simulations (59) . Remarkably, for prb, the reduced DðQÞ at the barrier is sufficient to approximately cancel the rate enhancement that would result from the reduction in barrier height alone. The folding rate for the plain Gō-like model is 25.8ð2.0Þ μs −1 . The barrier is lowered by approximately 1.7k B T, which would be expected to give an approximately fivefold increase in rate if the diffusion coefficient were unchanged. However, the decrease in diffusion coefficient is sufficient that the rate increases only by a factor of approximately 1.3 to 33.1ð2.8Þ μs −1 . The strong effect of nonnative interactions on D is thus masked in the apparent rate.
We have explored other factors that contribute to the roughness of the energy landscape and affect the dynamics at the folding barrier (53) . Specifically, we lowered the energy barrier for torsional transitions and found an increase in the diffusion coefficient in the folded minimum, but only a slight enhancement at the barrier and in the unfolded state (Fig. S4 ). In addition, we explored the role of contact formation and breaking. Elimination of the desolvation barrier in the attractive contact potentials increases the diffusion coefficient both in the folded state and at the barrier (Fig. S4) , suggesting that for our model contact formation is more important for the dynamics of folding than the crossing of torsional barriers.
If we use DðQÞ as a measure of the internal friction along the folding coordinate (11), we find that nonnative attractive interactions increase the internal friction in the relevant barrier region as well as barriers for native contact formation and breaking, with only a modest effect from torsion barriers.
Concluding Remarks
Several other studies have estimated position-dependent diffusion coefficients from simulations of folding. Using a Gō model, Yang et al. (33) found a maximum in DðQÞ for intermediate values of Q and similar results were obtained using a related coordinate for the folding of a model of a β-hairpin in explicit water (34) . This qualitative agreement suggests that the form for DðQÞ found here is not limited to our specific model. We explain the weak dependence of DðQÞ on Q and the maximum near the barrier as resulting from the trade-off between the slowdown of the dynamics with compaction and an increase in the magnitude of Q fluctuations for more folded species. However, another study found a strong position dependence of DðQÞ, with a monotonic decrease by an order of magnitude going from unfolded to folded (10) . Possible reasons for this form of DðQÞ are the choice of Monte Carlo move set (60) (see Fig. S5 ), or the inclusion of non-Gō interactions. Another possible reason is that for a lattice model, the curvature of the folded basin in the free-energy profile is substantially greater than that of the unfolded basin (10) . A variable transformation stretching Q near the folded basin to match the curvatures of the two free-energy minima would increase the diffusion coefficient for compact configurations. The resulting position dependence of both the local free energies and diffusion coefficients would then be more akin to those obtained with off-lattice Gō models (32, 33) .
The position dependence of the diffusion coefficient is also important to experiments. Inspired by the results from energy landscape theory, experimental folding kinetics are often interpreted using the one-dimensional diffusive model in (overdamped) Kramers theory (61) . This model gives the rate for escape from a one-dimensional potential well as k ¼ k 0 expð−Δ∕k B TÞ, where 
TÞ is the kinetic prefactor with ω 2 u and ω 2 b the curvatures of the free-energy surface in the unfolded well and barrier regions, respectively, and Δ the barrier height. The theory does not explicitly consider a position-dependent diffusion coefficient, but the value of D b in the rate expression is that near the barrier top. The kinetic prefactor k 0 is important because it sets the speed limit for folding (6) (7) (8) 12 ) and allows one to calculate free-energy barrier heights from folding rates. One way to estimate k 0 from experiment is by rewriting the rate expression in terms of the reconfiguration time in the unfolded state,
, which is correct if the diffusion coefficients in the unfolded state and at the folding barrier agree, D u ¼ D b . Provided that for the same reaction coordinate ω u ≈ ω b , then the prefactor becomes k 0 ≈ 1∕2πτ u . The reconfiguration time τ u in the unfolded state can be estimated from FRET correlation functions and the width of FRET efficiency distributions (28, 29) by monitoring coordinates that are not necessarily good folding coordinates (e.g., the end-toend distance of the protein as in Fig. S1 ).
Here ) and in the unfolded minimum (ω 2 u ) suggests that the kinetic prefactor and the height of the free-energy barrier for folding can indeed be obtained consistently from a combination of experiments that probe the unfolded state and the folding rate (see Fig. S6 for a complete comparison between s and Q) . It will be important to test this approximation further for larger proteins and more complex models including all-atom detail (62) and explicit solvent (63) . An interesting feature of the surfaces FðsÞ for both prb 7−53 and protein G in Fig. 5 is the appearance of subsidiary barriers at Q ≈ 0.75 on the folded side of the main barrier and Q ≈ 0.25 on the unfolded side, respectively. Because these barriers are concealed in FðQÞ, they are compensated by a local reduction of DðQÞ; stretching Q by the transformation sðQÞ reveals the presence of the additional barriers in FðsÞ, and of corresponding low-population intermediates.
Experimentally, the most direct method of deriving positiondependent diffusion coefficients for folding would be to monitor some sufficiently collective coordinate r in a single-molecule experiment, e.g., a well-chosen amino acid pair distance monitored by FRETor the quantum yield of the fluorophore which is dependent on solvent exposure. One could either follow the time dependence of such a coordinate in an unrestrained system, e.g., by monitoring FRET efficiencies; or, if feasible, one could harmonically restrain the system at a series of r i values, e.g., using optical tweezers or an atomic force microscope, while at the same time monitoring its fluctuations. In the former case, DðrÞ could be obtained from the procedure used here; in the latter case, one can estimate the local diffusion coefficient along r from the ratio of the local variance and correlation time, Dðr i Þ ≈ Var i ðrÞ∕τ i (31) . Both procedures would require a relatively high time resolution and low experimental noise.
Materials and Methods
Coarse-grained models of prb and protein G were built from their protein data bank structures [prb: 1prb (64); protein G: 2gb1 (65) using the Karanicolas and Brooks Gō model (40) ]. The protein is represented by beads located at the alpha carbon positions, with fixed Cα-Cα "bond" lengths, harmonic angle (Cα-Cα-Cα) potentials, and a knowledge-based Fourier series for the torsional potential. Long Langevin dynamics simulations were run at the folding temperature with a friction coefficient of 0.1 ps −1 with Chemistry at HARvard Molecular Mechanics (CHARMM) (66) ; MC simulations were also run with CHARMM (60) . From the trajectory data, diffusion coefficients were determined as described previously (31, 32) . Simulation details are provided in SI Text. 
